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Abstract
An upper bound estimate of high-dimensional Cochrane sums is given in this note using Weinstein’s
version of Deligne’s estimate for the hyper-Kloosterman sum and a mean value theorem of Dirichlet
L-functions.
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1. Introduction
For any positive integer q and an arbitrary integer h, the Dedekind sum is defined by
s(h, q) =
q∑
a=1
((
a
q
))((
ha
q
))
,
where
((x)) =
{
x − [x] − 12 , if x is not an integer;
0, if x is an integer.
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(see [2] and [1, Chapter 3] for details).
Todd Cochrane introduced a sum analogous to Dedekind sum as following:
C(h,q) =
q∑′
a=1
((
a
q
))((
ha
q
))
,
where
∑′
a denotes the summation over all a with (a, q) = 1, and a is defined by the equation
aa ≡ 1 mod q . About this sum, Wenpeng Zhang and Yuan Yi [5] obtained the following upper
bound estimate ∣∣C(h,q)∣∣ √qd(q) ln2 q,
where d(q) is the divisor function.
Similarly, Zhefeng Xu and Wenpeng Zhang [4] defined the high-dimensional Cochrane sum
as follows:
C(h, k, q) =
q∑′
a1=1
· · ·
q∑′
ak=1
((
a1
q
))
· · ·
((
ak
q
))((
ha1 · · ·ak
q
))
,
and gave the following estimate.
Proposition 1.1. Let q  2 and h be integers with (h, q) = 1. Then for any fixed positive integer k
with (q, k(k + 1)) = 1, we have the estimate
∣∣C(h, k, q)∣∣ 2(k+1)2
πk+1
q
k
2 d(q)
(
2k+2k
)ω(q) lnk+1 q,
where ω(q) denotes the number of all different prime divisors of q .
In this note, we shall improve the result of Proposition 1.1 with a simple method. First we
present the main theorem.
Theorem 1.1. Let q  2 and h be integers with (h, q) = 1. Then for any fixed positive integer k,
we have the estimate
∣∣C(h, k, q)∣∣ 1
πk+1
q
k
2 (k + 1)ω(q)d(q) lnk+1 q.
Our method depends on Weinstein’s version [3] of Deligne’s result, which gives the following
sharp estimate of the hyper-Kloosterman sum.
Lemma 1.1. Let
K(m1, . . . ,mk;q) =
q∑′
a1=1
· · ·
q∑′
ak=1
e
(
m1a1 + · · · + mkak
q
)
.a1···ak≡1 mod q
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K(m1, . . . ,mk;q)  q k−12 kω(q)(m1,mk, q) 12 · · · (mk−1,mk, q) 12 ,
where e(y) = e2πiy , and (a, b, c) is the greatest common divisor of a, b and c.
2. Proof of Theorem 1.1
We need the following lemma.
Lemma 2.1. Let χ be a Dirichlet character modulo q , and G(n,χ) =∑qa=1 χ(a)e( anq ) denote
the Gauss sum. Then for any positive integer k, we have
∑
χ mod q
χ(−1)=−1
χ(h)
(+∞∑
n=1
G(n,χ)
n
)k+1
 φ(q)q k2 (k + 1)ω(q)d(q) lnk+1 q,
where φ(q) is the Euler function.
Proof. For any non-principal character χ modulo q and parameter N  q , applying Abel’s iden-
tity we have
+∞∑
n=1
G(n,χ)
n
=
∑
1nN
G(n,χ)
n
+
+∞∫
N
∑
N<ny G(n,χ)
y2
dy. (2.1)
Since G(n,χ)  q 12 (n, q), we get
∑
1nN
G(n,χ)
n
 q 12
∑
1nN
(n, q)
n
= q 12
∑
d|q
∑
1mN/d
1
m
 q 12 d(q) lnN. (2.2)
On the other hand, from the estimates for trigonometric sums and Gauss sums we also have
∑
N<ny
G(n,χ) =
q∑
a=1
χ(a)
∑
N<ny
e
(
an
q
)
=
q∑
a=1
χ(a)
e( (N+1)a
q
) − e( ([y]+1)a
q
)
1 − e( a
q
)

q∑
a=1
1
| sin πa
q
| 
q∑
a=1
q
a
 q lnq.
This gives
+∞∫ ∑
N<ny G(n,χ)
y2
dy  q lnq
N
. (2.3)N
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∑
χ mod q
χ(−1)=−1
χ(h)
(+∞∑
n=1
G(n,χ)
n
)k+1
=
∑
χ mod q
χ(−1)=−1
χ(h)
( ∑
1nN
G(n,χ)
n
)k+1
+ O
(
q
k
2 +1dk(q) lnk N lnq
N
)
. (2.4)
By the orthogonality relation for characters modulo q we get
∑
χ mod q
χ(−1)=−1
χ(a) =
⎧⎪⎨
⎪⎩
1
2φ(q), if a ≡ 1 mod q;
− 12φ(q), if a ≡ −1 mod q;
0, otherwise.
Then by Lemma 1.1 we have
∑
χ mod q
χ(−1)=−1
χ(h)
( ∑
1nN
G(n,χ)
n
)k+1
=
∑
χ mod q
χ(−1)=−1
χ(h)
( ∑
1nN
1
n
q∑
a=1
χ(a)e
(
an
q
))k+1
=
∑
1n1N
· · ·
∑
1nk+1N
1
n1 · · ·nk+1
q∑
a1=1
· · ·
q∑
ak+1=1
e
(
a1n1 + · · · + ak+1nk+1
q
)
×
∑
χ mod q
χ(−1)=−1
χ(a1 · · ·ak+1)χ(h)
= φ(q)
2
∑
1n1N
· · ·
∑
1nk+1N
1
n1 · · ·nk+1
q∑′
a1=1
· · ·
q∑′
ak+1=1
a1···ak+1≡h mod q
e
(
a1n1 + · · · + ak+1nk+1
q
)
− φ(q)
2
∑
1n1N
· · ·
∑
1nk+1N
1
n1 · · ·nk+1
q∑′
a1=1
· · ·
q∑′
ak+1=1
a1···ak+1≡−h mod q
e
(
a1n1 + · · · + ak+1nk+1
q
)
= φ(q)
2
∑
1n N
· · ·
∑
1n N
1
n1 · · ·nk+11 k+1
H. Liu / Journal of Number Theory 125 (2007) 7–13 11×
q∑′
a1=1
· · ·
q∑′
ak+1=1
a1···ak+1≡1 mod q
e
(
a1n1 + · · · + aknk + hak+1nk+1
q
)
− φ(q)
2
∑
1n1N
· · ·
∑
1nk+1N
1
n1 · · ·nk+1
×
q∑′
a1=1
· · ·
q∑′
ak+1=1
a1···ak+1≡1 mod q
e
(
a1n1 + · · · + aknk − hak+1nk+1
q
)
 φ(q)q k2 (k + 1)ω(q)
∑
1n1N
· · ·
∑
1nk+1N
1
n1 · · ·nk+1 (n1, hnk+1, q)
1
2 · · · (nk,hnk+1, q) 12
+ φ(q)q k2 (k + 1)ω(q)
∑
1n1N
· · ·
∑
1nk+1N
1
n1 · · ·nk+1
× (n1,−hnk+1, q) 12 · · · (nk,−hnk+1, q) 12
= Ψ1 + Ψ2. (2.5)
Since
(ni, hnk+1, q) =
(
ni, (hnk+1, q)
)= (ni, (nk+1, q)), 1 i  k,
we have
Ψ1 = φ(q)q k2 (k + 1)ω(q)
∑
t |q
∑
1nk+1N
(nk+1,q)=t
1
nk+1
∑
1n1N
(n1, t)
1
2
n1
· · ·
∑
1nkN
(nk, t)
1
2
nk
= φ(q)q k2 (k + 1)ω(q)
∑
t |q
∑
1mk+1N/t
1
mk+1t
×
∑
t1|t
∑
1m1N/t1
1
m1t
1/2
1
· · ·
∑
tk |t
∑
1mkN/tk
1
mkt
1/2
k
 φ(q)q k2 (k + 1)ω(q) lnk+1 N
∑
t |q
dk(t)
t
 φ(q)q k2 (k + 1)ω(q)d(q) lnk+1 N. (2.6)
Similarly we get
Ψ2  φ(q)q k2 (k + 1)ω(q)d(q) lnk+1 N. (2.7)
Now taking N = q in (2.4)–(2.7), we immediately get Lemma 2.1. 
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C(h, k, q) =
q∑′
a1=1
· · ·
q∑′
ak=1
((
a1
q
))
· · ·
((
ak
q
))((
ha1 · · ·ak
q
))
= 1
φ(q)
∑
χ mod q
[
q∑
a1=1
χ(a1)
((
a1
q
))]
· · ·
[
q∑
ak=1
χ(ak)
((
ak
q
))]
×
[
q∑
ak+1=1
χ(ak+1)
((
hak+1
q
))]
= 1
φ(q)
∑
χ mod q
χ(h)
[
q∑
a=1
χ(a)
((
a
q
))]k+1
.
Noting that
((x)) = − 1
π
+∞∑
n=1
sin(2πnx)
n
, sinx = 1
2i
(
exi − e−xi), G(−n,χ) = χ(−1)G(n,χ),
therefore
q∑
a=1
χ(a)
((
a
q
))
= − 1
π
+∞∑
n=1
∑q
a=1 χ(a) sin(2πna/q)
n
= − 1
2πi
+∞∑
n=1
G(n,χ) − G(−n,χ)
n
.
So we have
C(h, k, q) = i
k+1
πk+1φ(q)
∑
χ mod q
χ(−1)=−1
χ(h)
(+∞∑
n=1
G(n,χ)
n
)k+1
.
Now from Lemma 2.1 we immediately get
∣∣C(h, k, q)∣∣ 1
πk+1
q
k
2 (k + 1)ω(q)d(q) lnk+1 q.
This proves Theorem 1.1.
The upper bound estimate of high-dimensional Cochrane sums plays an important role in the
distribution of high-dimensional D.H. Lehmer numbers, which will be studied in the future.
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